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Chapter 1

Operations With Series

We will define series

o0
Zakxk = ao+aix +ayx*+azx® +asx*+---, (1.2)
k=0
o0
D bix* = bo+ bix 4 bax? 4 bsx’ + bax* + -+, (1.2)
k=0
o0
ko _ 2 3 4
chx = cotcix+ceax +e3x” fegxt - (1.3)
k=0

The first two series will be assumed to be the known operands, so that the coeffigiemdb; are known.
We will wish to find the coefficientsy.



1.1 Sum

The sum of two series is given by

where

In general,

o0 o0 o0
Zakxk + Zbkxk = Z cpx®.
k=0 k=0 k=0

Co
C1
2
C3
Cq
Cs
Ce
7

Cg

ao + bo
ai + by
as + by
as + bz
as + by
as + bs
ae + bs
az + by
as + bg

cx = ay + by

(1.4)

(1.5)
(1.6)
(1.7)
(1.8)
(1.9)
(1.10)
(1.11)
(1.12)
(1.13)

(1.14)



1.2 Difference

The difference of two series is given by

o0 o0 o0
Z apx® — Z brpx* = Z cpx®. (1.15)
k=0

k=0 k=0
where
cCo = do— b() (1.16)
C1 = da; — b1 (1.17)
Cry = dj3— bz (1.18)
c3 = dsz— b3 (1.19)
Cq4 = d4— b4 (1.20)
cs = ds— b5 (1.21)
Ce = de— b6 (1.22)
c7 = a7 — b7 (1.23)
cg = dg— bg (1.24)
In general,
cr = ay — by (1.25)



1.3 Product

The product of two series is given by

where

In general,

Co
C1
2
3
Cq
Cs
Ce
7

Cg

(00 < (£00) - v

k=0

aobo

aobi + ayby

aoby + a1by + azby

aobs + aiby + aby + asbg

aobs + a1bsz + azby + azby + ashy

aobs + a1bgy + azb; + azby + ashy + asby

aobe + a1bs + axbs + asbs + asby + asby + agbg

aob7 + a1be + azbs + azbg + ashs + asby + aghy + az7bg

aobg + a1b7 + azbg + azbs + asbs + asbs + agby + a7b1 + agbg

k
k=Y aibi;
i=0

(1.26)

(1.27)
(1.28)
(1.29)
(1.30)
(1.31)
(1.32)
(1.33)
(1.34)
(1.35)

(1.36)



1.4 Quotient

The quotient of two series is given by

Y ko byx* - k
A0 2T N o (1.37)
Y ko akx* ,;,
where
b
0 = 2 (1.38)
ao
r
C1 = — b1 —Coa1i| (1.39)
ao |
r
Cry = — bz —Ci1d] — Coa21| (1.40)
ao [
r
c3 = — b3 — Cad] — C1dy — Coa3i| (1.41)
ao [
r
Cq4 = a— b4 — C3d] — Cardy — C1d3 — Coa4i| (1.42)
oL
r
cs = a— b5 — C4d1 — C3dy — Cod3 — C1d4 — Coa51| (1.43)
oL
r
Ce = a— b6 — C5d1 — C4dy — C3d3 — Cody4 — C1d5 — Coa6i| (1.44)
oL
r
c7 = a— b7 — Cgl] — C5dy — C4d3 — C3Uy4 — Cod5 — C1dg — Coa7i| (1.45)
oL
r
cg = a— bg — C7d1 — Cely — C5d3 — C4dyg — C3d5 — Codg — C1d7 — Codg (1.46)
oL

Note that we must have, # 0. If dividing by a series for whiclu, = 0, it will be necessary to factor the
appropriate power of from the divisor series to gety, = 0 before applying these formulae.
In general, fork > 0,

k k—1
1 1
Ck = 7 |:bk - ZCk—iai] = 70 |:bk - ;ak—ici] (1.47)

i=1

In terms ofay only, for k > 0, the coefficient; may be found from the determinant okax & matrix:

(a1b0—aob1) do 0 0

(azbo — aobz) ay do e 0

(—l)k (a3b0—a0b3) ay ay 0
dy e

(ak—1bo —aobk—1) ax— ar—3 ... ag

(axbo — aoby) Ak—1 QAg—r ... ai




1.5 Reciprocal

The reciprocal of a series may be found from the result of the previous section, gettiagl andb; = 0
for k > 0. The resultis

1 Sl
—_— = X (1.49)
> im0 arx* ;é%
where
1
o = — (1.50)
ao

o = _—oh (1.51)
ao
r

C = —| —cCiay —Coa21| (1-52)
ao [
r

3 = —| —Cay —C1dy — Coa3i| (1.53)
ao [
r

Cq4 = a— — C3d] — Cardy — C1d3 — Coa4i| (1.54)
oL
r

cs = a— — C4d1 — C3dy — Crd3 — C1d4 — Coa51| (1.55)
oL
r

ce = a_ — C50d1 — C4d — C3d3 — C2d4 — C1d5 — Coa6i| (1-56)
oL
r

c7 = a— — Cgl] — C5dy — C4d3 — C3Uy4 — Cod5 — C1dg — Coa7i| (1.57)
oL
r

cg = a— — C7d1 — Cely — C5d3 — Cqdyg — C3d5 — Codg — C1A7 — Coagi| (1.58)
oL

Note that we must have, # 0. If dividing by a series for whiclu, = 0, it will be necessary to factor the
appropriate power of from the divisor series to gety, = 0 before applying these formulae.

In general, fork > 0,
k k—1

> ckiai = —— D ki (1.59)

This latter result may also be found by setting= —1 into the “powers” formula.
In terms ofay, only, fork > 0, the coefficient; will be found from the determinant of & x k matrix:

ay do 0 e 0
ay ay do 0
(—l)k as ay ay 0
= (1.60)
0 ..
ak—1 dg—2 dkg—3 ... do
dj dj—1 dj—2 ... di




1.6 Powers

A series may be taken to a power:

) n 1)
(Zakxk) _ Y ak
k=0 k=0

Heren may be positive or negative, integer or fractional. The coefficieptre

Co

C1

2

3

Cq

Cs

Ce

c7

&

ag
naico
ao
LT
— | (m— Dajc; + Znazco]
2ag |
LT
— | (n—2)ajco + 2n — Dazey + 3na3coi|
3610 |
Lr
T (n—3)ajcs + 2n —2)azes + 3n — Daszey + 4na4co]
ao [
LT
San (n—4)ajca + 2n —3)aze; + 3n — 2)aszcy + (dn — )agcy + 5na5601|
ao [
LT
o (n—5)aics + 2n —4)azcq + (3n — 3)ases + (dn — 2)aqcy
0L

+ (5n — Dascy + 6na6co]

1
Tae (n—6)ajce + 2n — 5S)azcs + 3n — 4)azcq + (4n — 3)ascs
ao [

+ (5n — 2)ascy + (6n — 1)agey + 7na7coi|

LT
Sa. (n—Taic7 + 2n — 6)azce + (3n — S)aszcs + (dn — 4)agcy
0L

+ (5n — 3)ascs + (6n — 2)ages + (Tn — Daqcy + Snagcoi|

In general, fork > 0,

k—1

Z[(k —i)n —ilag—;ci

i=0

1

Cp = —
ka()

(1.61)

(1.62)
(1.63)

(1.64)
(1.65)
(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)



1.7 Square

The square of a series is found by substituting: 2 into this result:

The coefficients;, are

Co

C1

2

3

Cq

Cs

Ce

c7

&

2

o0 2 o0
(Zakxk) Y axt
k=0 k=0

4o
26116‘0
ao
Lr
—|aici +4azco
2ag |
1
— | axc1 + 2asco
ao
Lr
— | —ajc3 + 2azcy + Saszer + 8agco
4a0 |
r
Sae —2ai1c4 + azez + 4ascy + Taser + 10ascy
ao [
LT
— | —ajcs + ascs + 2agcr + 3ascy + 4ageo
2ag |
1
ol daice — arcs + 2ascq + Sagscs + 8ascy + 1lagey + 14aco
ao [
T
sal Saic7 —2asce + aszcs + 4agcq + Tascs + 10ager + 13a7¢1 + 16agcoi|
ao |

In general, fork > 0,

k—1
1
Ck kaq i§=0( Pag_;ci

(1.72)

(1.73)
(1.74)

(1.75)
(1.76)
1.77)
(1.78)
(1.79)
(1.80)

(1.81)

(1.82)



1.8 Reciprocal of Square

The reciprocal of the square of a series is found by substituting—2 into this result:

o0 -2 o0
(Z akxk) Y axt
k=0 k=0

The coefficients;, are

Co

C1

2

3

Cq

Cs

Ce

7

Cg

dy
—26116‘0
ao
1T
-— —3a1C1 —4a2€0
2ag |
T
— —4a162 —5a2€1 —661360
3ao |
1T
— | — 5a1C3 — 661262 — 7a3C1 — 861460
4a0 |
T
— — 661164 — 7a2€3 — 861362 — 9a4C1 — 106156‘0
Sag |
T
ol Taics — 8arcqs — 9aszcy — 10a4cy — 11ascy — 12agcy
ao [
T
7— — 861166 — 96126‘5 — 106136‘4 — 116146‘3 — 126156‘2 — 136166‘1 — 146176‘0
ao [
T
8_ — 9a1C7 — 1061266 — 116136‘5 — 126146‘4 — 136156‘3 — 146166‘2
ao [

— 156176‘1 — 16a3€01|

In general, fork > 0,

k—1
1
Ck kaq i§=0( i)ag_;c;i

(1.83)

(1.84)
(1.85)
(1.86)
(1.87)
(1.88)
(1.89)
(1.90)

(1.91)

(1.92)

(1.93)



1.9 Cube

The cube of a series is found by substituting- 3 into this result:

o0 3 o0
(Z akxk) = Z ckxk (1.94)
k=0 k=0

The coefficients;, are

c = ag (1.95)
3
o = o (1.96)
ao
i
¢, = —|ajct + 3a2€01| (1.97)
ao [
LT
c3 = —|aicy + Sazer + 9a3601| (1.98)
3610 |
'
Ccqy = a— ascy + 2aszcy + 3a4601| (1.99)
oL
LT
cs = |- aics + 3azes + Tazex + 1lasce; + 15a5€oi| (1.100)
ao [
LT
6 = e aics + axcs + 3ascs + Sascy + Tascy + 9a6COi| (1.101)
ao [
LT
7 = 7ol — 3aice + azcs + Saszcq + 9ascs + 13ascy + 17agcr + 21a7coi| (12.102)
0L
L
cg = ol ~ aic7 + aszcs + 2aqcq + 3ascs + 4dagcr + Sazcy + 6agcoi| (1.103)
oL

In general, fork > 0,

k—1
1 )
% = o §(3k —di)aj_ici (1.104)

10



1.10 Reciprocal of Cube

The reciprocal of the cube of a series is found by substitutiag —3 into this result:

o0 -3 o0
(Z akxk) Y axt
k=0 k=0

The coefficients;, are

Co

C1

2

3

Cq

Cs

Ce

7

&

dy
—361160
ao
1
— — 2a1C1 — 36126‘0
ao
T
— | — 5a162 — 7a2€1 — 961360
3ao |
1T
— | — 361163 — 4a2€2 — 5a3C1 — 661460
Za() |
T
-— | — 7a1C4 — 961263 — 116136‘2 — 136146‘1 — 156156‘0
Sag |
T
—| — 4a165 — 5a2€4 — 66136‘3 — 7a4cz — 86156‘1 - 961660
3ao |
T
7— — 961166 — 116126‘5 — 136136‘4 — 156146‘3 — 176156‘2 — 196166‘1 — 216176‘0
ao L
T
4— - 5a1C7 — 661266 — 7a3cs — 861464 — 96156‘3 — 1061662 — 116176‘1 — 12a3€01|
ao L

In general, fork > 0,

k—1
1 .
Cl = _k—ao ;(3]( — Zl)ak_iCi

11

(1.105)

(1.106)
(1.107)
(1.108)
(1.109)
(1.110)
(1.111)
(1.112)
(1.113)

(1.114)

(1.115)



1.11 Square Root

The square root of a series is found by substituting 1/2 into the previous result:

The coefficients;, are

Co

C1

2

3

Cq

Cs

Ce

c7

&

In general, fork > 0,

A ao
ai1co
Za()
Lr
—| —aic1 + 2axco
4a0 |
ol ]
— | —ajcy + asco
2ag |
r
—| —5aic3 —2ascr + asey + 4aascy
8ag |
LT
—— | —T7ai1cq4 —4asrcs — aszcy + 2a4c1 + Sascy
10aq |
Lr
— | —3aj1c5 — 2asc4 — aszcs + ascy + 2agco
4a0 |
L
T — 1lajce — 8azcs — Sazcas — 2aqc3 + ascy + 4daegcy + Tazco
ao L
T
Teal = 13a1¢7 — 10ayce — Tascs — 4agcq — ascs + 2agcr + Sazcq; + Sagcoi|
ao [
1 k—1
Cp = dg ,-Z;(k = 3i)ag_ici

12

(1.116)

(1.117)
(1.118)

(1.119)
(1.120)
(1.121)
(1.122)
(1.123)
(1.124)

(1.125)

(1.126)



1.12 Reciprocal of Square Root

The reciprocal of the square root of a series is found by substitutirg—1/2 into the previous result:

The coefficients, are

Co

C1

2

3

Cq

Cs

Ce

7

Cg

12610 |

1

14ag |

1

16610 |

()

— 36116‘1 — 2a2€01|

1
2

o0
= S
k=0

— 5a162 — 4a2€1 — 3a3601|

— 7a1C3 — 661262 — 5a3C1 — 4a4C()i|

— 961164 — 861263 — 7a3cz — 66146‘1 — 5a5€01|
— 116116‘5 — 106126‘4 — 96136‘3 — 861462 — 7a5€1 — 6a6601|
— 1361166 — 126126‘5 — 116136‘4 — 106146‘3 — 961562 — 86166‘1 - 7a7C()i|

— 156116‘7 — 146126‘6 — 136136‘5 — 126146‘4 — 116156‘3 — 1061662

— 9a7C1 — 8a3€01|

In general, fork > 0,

Ck =

_Zkao

k—1

Z(k + )ag—ici

i=0

13

(1.127)

(1.128)
(1.129)
(1.130)
(1.131)
(1.132)
(1.133)
(1.134)

(1.135)

(1.136)

(1.137)



1.13 Cube Root

The cube root of a series is found by substituting: 1/3 into the previous result:

(1.138)
The coefficients;, are
Co = 3 ao (1.139)
o = U« (1.140)
3610
LT
¢ = —| —ajcy+ a2€01| (1.141)
3610 |
T
c3 = —| —5ajcp —aze; + 3a3601| (1.142)
9ay |
LT
cs = —| —2aic3—azey + a4C()i| (1.143)
3ao |
LT
cs = W — 1lajcqs — Tares — 3azcy + ageq + 5a5€01| (1.144)
oL
LT
c6 = oac| = Taics — Sazcq — 3ascs —ascr + ascy + 3a6C01| (1.145)
oL
LT
7 = 1ol ~ 17a1c6 — 13azc5 — 9aszcqa — Sagscs — ascy + 3agcy + 7a7coi| (1.146)
ao L
1
cg = 6—[ —Sajc7 —4arceg — 3ascs — 2a4c4 — ascs + arcq + 2a3€01| (1.147)
ao
In general, fork > 0,
1 k—1
= gy Lk 40 (1.148)

14



1.14 Reciprocal of Cube Root

The reciprocal of the cube root of a series is found by substitutirg—1/3 into the previous result:

The coefficients, are

Co

C1

2

3

Cq

Cs

Ce

7

&

1
3 ao
—dai1Co

3610
T
3ao |
1

9610

Zlao |
G
12610 |

In general, fork > 0,

1
3

o0 o0
(Z akxk) ok
k=0 k=0

—2aicy — azcoi|
—| —7aicy — Sazcy — 3a3coi|
—| — 5aic3 —4arcr — 3aszc; — 2a4coi|
—13a1c4 — 11azcs — 9aszcy — Tascy — 5ascoi|

1
[— 861165 — 7a2€4 — 661363 — 5a4cz — 4a5€1 — 3a6601|

— 1961166 — 176126‘5 — 156136‘4 — 136146‘3 — 116156‘2 — 96166‘1 — 7a7C()i|

— 116116‘7 — 1061266 — 961365 — 86146‘4 — 7a5€3 — 661662 — 5a7C1 — 4a3€01|

k—1
1 .
Cl = —% ;(k + 21)ak_,-c,-

15

(1.149)

(1.150)
(1.151)
(1.152)
(1.153)
(1.154)
(1.155)
(1.156)
(1.157)

(1.158)

(1.159)



1.15 Identity

Series coefficients may be expressed by an identity transformation by settiagl. This allows each
coefficient of a series to be expressed in terms of previous coefficients:

o0 o0
Z apx* = Z crxk (1.160)
k=0 k=0
The coefficients;, are
co = do (1.161)
o = B _ g (1.162)
ao
o = B9 _g (1.163)
ao
LT
c3 = —| —ajcy +axer + 3a3601| = aj (1.164)
3ao |
LT
4 = —| —aic3+azer + 2a4601| = dy (1.165)
2ag |
LT
cs = |~ 3ajca —azes + aszcar + 3ascr + 5asc‘oi| =das (1.166)
oL
T
ce = 3— —2aics —axcs + ascr + 2ascy + 3a6C01| = d¢ (1.167)
ao [
LT
¢ = o= Saice — 3asrcs — aszcq + ases + 3ascy + Sascy + 7a7c‘oi| =ag (1.168)
ao [
Lr
cg = | 3aic7 — 2asce — ascs + ascs + 2agcy + 3ascy + 4agcoi| = ag (1.169)
oL
In general, fork > 0,
=
% = Ta ;(k —2D)ag_ici = a (1.170)

16



Chapter 2

Reversion of Series

Suppose we are given a power series
y =a1x + ayx? 4+ a3x> + asx* +--- (2.1)
This series may be solved faras a power series in:
x= A1y + A2yt + A3y + Agyt + - (2.2)

The coefficients4, are given by ¢; # 0)

A4, = — (2.3)
ai
a»
42 = ——= (2.4)
ay
L[, 5
A3 = -5 2612 —das (25)
aj L
L[ 2 3
Ay = 3 Saiazaz — ajas — 5a; (2.6)
1 L
o
As = — 6ataray + 3aa% + 1445 — alas — 21a1a§a31| (2.7)
a
1 L
1
A = T|:7a?azas + 7a?a3a4 + 84a1aga3 — a?a6 — 28a%a§a4 — ZSa%azag — 42agi| (2.8)
a
1
A7 = T[Sa?azag + 8atasas + 4ajal + 120ata3as + 180atasa; + 1324 — aja;
a;
—36a?a§a5 — 72a?a2a3a4 — lZa?ag — 330a1a3a31| (2.9

17



